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Abstract. A minimal supersymmetric standard model on non-commutative space-time (NC MSSM) is pro-
posed. The model fulfills the requirements of non-commutative gauge invariance and the absence of anomaly.
The existence of supersymmetry with a scale of its breaking lower than the non-commutative scale is crucial
in order to achieve consistent gauge symmetry breaking.

1 Introduction

Quantum field theories (QFT) on non-commutative (NC)
space-time have been subject to intensive research during
recent years, especially after it had been shown [1] that
they can be obtained as low-energy limits of open string
theory in an antisymmetric constant background field. The
NC space-time is defined by the commutation relation

[x̂m, x̂n] = iΘmn , (1)

where the x̂m are space-time coordinate operators and
Θmn is a constant antisymmetric matrix. One way to re-
alize field theory on this space-time is to replace the usual
product of any fields by the Moyal star-product,

(fg)(x̂) �−→ (f ∗ g)(x) = e
i
2Θ
mn∂xm∂yn f(x)g(y) |x=y .

(2)

This procedure gives rise to new exotic features such as
violation of Lorentz symmetry and ultraviolet/infrared
(UV/IR) mixing (for reviews see [2, 3]).
Since NC QFT arises as a low-energy effective limit

from string and D-brane theory, it has the potential to pro-
vide an attractive andmotivated framework for physics be-
yond the standard model (SM). However, it is known that
it is difficult to consider realistic phenomenological model
building due to a number of constraints imposed by non-
commutativity. The main restrictions are from the math-
ematical (group theoretical) structure of the NC gauge
theories [4, 5]. For instance, the only allowed gauge groups
in the NC spacetime are U∗(n), the NC generalization of
the unitary groups U(n). In [6], the restrictions imposed by
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non-commutativity were taken advantage of, and a NC ver-
sion of the SM based on the gauge group U∗(3)×U∗(2)×
U∗(1) was constructed. The model can be considered as
a minimal NC realization of the SM. Indeed, it leads to the
usual SM observable particle content at low energies. The
corresponding symmetry reduction is achieved by the in-
troduction of a scalar field, which was called the Higgsac
field in [6], a term which we shall use also in this paper.
In this model, the generator of U(1)Y – the hypercharge
group of symmetry – is constructed from a linear combi-
nation of the generators of the trace-U(1) (in the following
we will write simply tr-U(1)) subgroups of the factors in
the gauge group U∗(3)×U∗(2)×U∗(1). This model solved
the standing problem of electric charge quantization ob-
served in [7, 8], in which it was shown that the only allowed
charges for U∗(1) matter are 0 and ±1, and, as a byprod-
uct, this led to all the electric charges of the leptons and
quarks as a unique solution.
While the classical action of this model has many desir-

able properties, it was later found that it suffers from some
serious problems, namely violation of unitarity, [9], the ex-
istence of chiral anomaly [10–16] and problems related the
hypercharge U(1)Y sector [17–20]. Solutions to the unitar-
ity and chiral anomaly problem were proposed in [21], but
the problems with the U(1)Y gauge field remain unsolved.
Taking the one-loop corrections to the polarization tensor
of the tr-U(1) gauge field into account, the UV/IR mixing
effect causes an unacceptable infrared singularity. Further-
more the tr-U(1) gauge field may become tachyonic and
one of the massless polarizations gets lost. The latter issue
implies that we observe vacuum birefringence, i.e., a po-
larization dependent propagation speed. This leads one to
conclude that the UY (1) gauge field in the NC SM cannot
be treated as a photon. These problems are disastrous for
phenomenology.
In an attempt to cure the latter problem, the model

was extended in [16] to the gauge group U�(4)×U�(3)×
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U�(2). The crucial idea behind this extension is to con-
struct the UY (1) gauge field from a traceless combination
of U∗(n) generators and to make the tr-U(1) parts suffer-
ing from the problems mentioned above decouple at low
energies, leaving only a SU(n) symmetry in the low-energy
effective action. Indeed, to achieve this purpose, the model
in [16] used the fact that the one-loop coupling constant
for tr-U(1) becomes logarithmically smaller as the scale
decreases. This running behavior of tr-U(1) is caused by
the UV/IR mixing. However, the running of the tr-U(1)
coupling was shown to be too slow [20] for complete de-
coupling; consequently the extra U(1) gauge field would
cause non-acceptable effects at low energies. In addition,
the statement that the UV/IR mixing affects only the tr-
U(1) part and not the “NC SU(n)” part is valid only for
the two-point functions (“gluon” propagator). Indeed, the
general picture arrived at in [18] is that the UV/IR mixing
effects are given by correlation functions of open Wilson
lines, which implies that 3- and 4-point functions involving
“NC SU(n) gluons” exhibit the phenomenon. The gauge
U�(n) theory was shown to be renormalizable up to one-
loop level [22, 23]; consequently it is not clear how to use
the renormalization group equation and discuss the prop-
erties of the β-function for a theory whose renormalizabil-
ity has not been fully proven. The idea that the leading log
approximation works similar to the commutative case may
be a good educated guess, but it may also prove wrong,
since the UV/IR mixing affects different diagrams differ-
ently, and the dominant diagrams in the UV are not the
same as the ones that are dominant in the IR (and which
do not even appear in the commutative case). We believe
that the issue of the UV/IR mixing has still to be studied,
in close connection with the renormalizability. Though in
this paper we give special attention to the problems of
the tr-U(1) subgroup of U∗(n), which were shown to ap-
pear already at one-loop level, we consider that a clear-cut
conclusion regarding the UV/IR mixing has not yet been
reached.
The situation is different if the theory has supersym-

metry (SUSY). Thanks to SUSY, dangerous quantum
corrections in the polarization tensor cancel. As a re-
sult, the supersymmetric theory with tr-U(1) gauge group
does not have the infrared singularity, a tachyonic mass
or the polarization problem for the tr-U(1) gauge field.
The dangerous contribution appears again if SUSY is
broken, which is the case in a realistic model at low en-
ergies. A theory with soft SUSY breaking terms has been
studied, and it has been shown that the infrared singu-
larity actually does not appear [17], though the other
problems are still left [19, 20, 24]. However, as we argue
in this paper, the existence of unbroken supersymme-
try at higher scales may suppress these effects enough to
make a non-commutative tr-U(1) field a viable candidate
for the photon. It is also well known that in the non-
commutative case a supersymmetric version of the theory
has a chance to have no UV/IR mixing or to be renormaliz-
able – an example is the supersymmetric NCWess–Zumino
model [25]. These considerations serve as an additional
motivation for constructing a supersymmetrised version
of the NC SM.

In this paper, we propose a NC version of the minimal
supersymmetric standard model (MSSM). The NC MSSM
we construct is based on the NC SM of [6]. We would like to
note that the matter content of our model is not the same
as the commutative MSSM’s one. The requirements that
the theory has SUSY, NC gauge invariance and anomaly
cancellation lead us to the introduction of two new extra
Higgs fields and two leptonic superfields compared to the
commutative MSSM matter content. In addition, in order
to achieve the gauge symmetry reduction, we introduce
a Higgsac superfield that is a supersymmetric extension of
the Higgsac field proposed in [21]. In the NC setting, these
fields are inevitably introduced in addition to the commu-
tative MSSM matter content, and thus we call our model
a NC version of MSSM. Although the NC space-time with
the commutation relation (1) violates Lorentz invariance,
the field theory on such a space-time possesses the so-
called twisted-Poincaré symmetry [26, 27]. The generators
of the latter symmetry satisfy the same algebra as the usual
generators of the Poincaré symmetry. Thus the represen-
tations are identical and the particles in NC field theory
are still classified by their mass and spin. In the case of su-
persymmetry on NC space-time, a twisted version of the
super Poincaré symmetry exists [28, 29], which also justi-
fies the use of the usual particles and their supersymmetric
partners. We also briefly discuss the problem of the hyper-
charge UY (1) gauge field in our model. This gauge field is
a linear combination of tr-U(1) gauge fields, and therefore
the problems mentioned above appear after SUSY is bro-
ken. We discuss a possible solution to this problem.
There exists also an alternative approach to building

a NC version of the SM [30] in which the Seiberg–Witten
map is used to relate the NC gauge theory to a commu-
tative one. The mapping is based on the expansion of the
star-products in the Lagrangian. This allows one to write
the Lagrangian of a NC version of the SM as the La-
grangian of the commutative SM plus an infinite number
of Θ-dependent terms. However, this expansion may miss
some important NC effects caused by the UV/IR mixing.
An approach based on the Seiberg–Witten map would lead
to a model different from the one that we describe in this
paper.
The paper is organized as follows. In Sect. 2 we con-

struct and discuss the minimal supersymmetric version of
the SM on the NC space-time. In Sect. 3 we discuss the
quantum properties of the hypercharge UY (1) part and
SUSY breaking. Section 4 is devoted to a summary and
discussion.

2 NC MSSM

In this section, we construct the non-commutative ver-
sion of MSSM. First of all, we briefly explain the restric-
tions on model building in non-commutative gauge the-
ory that come from the non-commutativity that constrains
the possible gauge groups and representations [4, 5]. As
mentioned in the Introduction, in non-commutative field
theory, the only allowed gauge group in NC space is the
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unitary group whose Lie algebra is closed under the Moyal
bracket, [A,B]∗ = A∗B−B ∗A. The NC unitary group,
denoted by U∗(n), is obtained by insertion of the star-
product between the U(n) matrix valued functions. Es-
pecially, it is not possible to have a direct NC general-
ization of SU(n) gauge groups, because in NC space the
star-product will destroy the closure condition. Another
restriction is that the charges of the matter fields under
U∗(1) are quantized to just 0 and ±1 [7, 8].
In addition to these restrictions, there is the no-go theo-

rem [5] stating that the representations of the u∗(n) alge-
bra are restricted to n×n hermitian matrices. Hence the
gauge fields are in n×n matrix form, while the matter
fields can only be in the fundamental, adjoint or singlet
states. Furthermore, matter fields can only transform non-
trivially under at most two simple subgroups of any gauge
group consisting of a product of simple groups. In other
words, the matter fields cannot carry more than two NC
gauge group charges.
The above restrictions cause problems when attempt-

ing to construct NC MSSM. The first restriction tells us
that one has to start with the gauge group U∗(3)×U∗(2)×
U∗(1) as a minimal extension of the commutative MSSM
gauge group SU(3)×SU(2)×UY (1). The increase in the
gauge group implies that there are two new additional neu-
tral weak bosons and their superpartners in the theory.
These two new states of supermultiplet must be sufficiently
massive in order to be consistent with present experi-
mental data. In addition, spontaneous symmetry breaking
must take place to have the correct MSSM commutative
gauge group at low energies. The second restriction is prob-
lematic for the construction of the NC MSSM based on
the gauge group U∗(3)×U∗(2)×U∗(1), since the quarks
should have fractional hypercharges. We also have to pay
attention to the last restriction when we make charge as-
signments. For instance, if the left-handed quark belongs to
a fundamental representation of the U∗(3) gauge group, it
should be charged under only one of the other groups, i.e.,
we have the anti-fundamental representation of U∗(2) and
0 charge for U∗(1), or a singlet for U∗(2) and −1 for U∗(1).
In order to break the gauge groupU∗(3)×U∗(2)×U∗(1)

to the SM one, its subgroups U3(1)×U2(1)×U1(1), where
Un(1) is the tr-U(1) part of U∗(n), must be broken down
to hypercharge gauge group U(1)Y . A breaking mechanism
was proposed in the construction of the NC SM [6] by intro-
ducing the scalar field charged under the trace-U(1) group
of U∗(n). This scalar field was called the Higgsac.When the
Higgsac develops a vacuum expectation value, the tr-U(1)
part of the U∗(n) gauge symmetry is broken. Eventually
in the limit of the non-commutative parameter Θ→ 0, the
remaining symmetry is SU(n). If the Higgsac φ is charged
under the Θ-independent Un(1)×Um(1) part of U∗(n)×
U∗(m), Un(1)×Um(1), the gauge group is broken down to
a diagonal group, U(1). In the NC SM, two Higgsac fields
are necessary to obtain the SM gauge group. One Higgsac
breaksU3(1)×U2(1) to a diagonal subgroup,U(1)′, and the
other Higgsac then produces breaking of U(1)′×U1(1) to
U(1)Y . Non-zero vacuum expectation values of the twoHig-
gsacs give masses to the gauge bosons corresponding to the
broken U(1) generators, while the massless U(1)Y hyper-

charge gauge boson is realized as a linear combination of
tr-Un(1). However, the breaking by this Higgsacfield causes
the problem of unitarity violation [9]. The unitarity viola-
tion is related to the fact that the symmetry reduction by
the Higgsac fields is not a spontaneous one, since it trans-
forms only under the Θ-independent U(1) part.1 It is not
a representation of the gauge group, and thus the symmetry
reduction through Higgsac fields is not a spontaneous sym-
metry breakingmechanism.
In the following we shall explain how the above restric-

tions are overcome and we give the complete spontaneous
gauge symmetry breaking mechanism in the construction
of the NC MSSM. Our method is based on [6, 21], but we
discuss the construction by introducing the superfield on
the non-commutative superspace.

2.1 Superfield formalism

The superfield in the commutative theory is a function of
the superspace coordinates2

zM = (xm, θµ, θ̄µ̇) , µ, µ̇= 1, 2 , (3)

where m = 0, 1, 2, 3 is the space-time index, θµ(θ̄µ̇) is
a Grassmann coordinate, and µ(µ̇) is a Weyl spinor index.
This superspace is easily generalized to the NC setting [4].
In the NC setting, these coordinates satisfy the following
algebra:

[x̂m, x̂n] = iΘmn ,

[x̂m, θ̂µ] = 0 ,

{θ̂µ, θ̂ν}= { ˆ̄θµ̇, ˆ̄θν̇}= {θ̂µ, ˆ̄θµ̇}= 0 , (4)

where θ̂ and ˆ̄θ are Grassmann coordinate operators. The
superfield is defined just as in the commutative case, and
non-commutativity is imposed simply by the inserting
star-products (2) into the action instead of the usual prod-
uct as follows:

fg(x̂, θ̂, ˆ̄θ) �−→ (f ∗ g)(x, θ, θ̄)

= e
i
2Θ
mn∂xm∂ynf(x, θ, θ̄)g(y, θ, θ̄)

∣
∣
x=y
. (5)

Also the formulation of gauge theories in the superspace is
performed just as in the commutative case except for star-
products of the superfields, and the restrictions to gauge
groups and representations is the same as discussed above.

2.2 Superpotential

First we explain the matter content and superpotential.
After that, we shall explain how the gauge symmetry re-

1 In effect, the Higgsac field transforming under the tr-U(1)
part of U∗(n) is not an allowed representation in the NC case,
according to the no-go theorem; see [21] for details.
2 In this paper we follow the notation of [31].
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duction occurs, correct fractional charges for the quarks
are induced in our model and the anomalies are canceled
by introducing new matter fields. As mentioned earlier, ac-
cording to the no-go theorem, all fields in a NC gauge the-
ory must transform in the fundamental, anti-fundamental,
adjoint or bi-fundamental representation. We assign the
fields to the representation shown in Table 1 and construct
a superpotential of the NC MSSM. In the assignment we
are guided by the following requirements:

– the matter content (especially fermions) and charge
assignment should produce the SM (MSSM) hyper-
charges at low energies,
– the theory should be free of anomalies, and
– the theory (with matter content and gauge groups)
should be minimal.

To satisfy these requirements, one is led to the following
superpotential:3

W = λije H1 ∗Li ∗Ej+λ
ij
uQi ∗H2 ∗ Ūj+λ

ij
d Qi ∗H3 ∗ D̄j

+µ12H1 ∗H2+µ34H3 ∗H4

+
(

αijk1 Qi ∗Lj ∗ D̄k+α
i
2Li ∗H4+α

i
3L
′
i ∗H1

+αi4L
′′

i ∗H4+λ
ij
L′′
H1 ∗L

′′
i ∗Ej

)

, (6)

with the charge assignments as in Table 1. The first five
superfields in Table 1 correspond to the usual quarks and
leptons of the SM. In order to give Yukawa terms to all
the SM fermions we introduce an additional Higgs super-
fieldH3 besides the superfieldsH1 andH2 appearing in the
commutativeMSSM. This is because the superfieldH1 giv-
ing a down-type mass after electroweak symmetry break-
ing cannot couple to the down-type quark due to the charge
assignment imposed by non-commutativity. We also intro-
duce the two leptonic chiral superfields L′ and L′′ that are
necessary to cancel the anomaly, as will be discussed below.
The above charge assignments are also required to achieve
the correct fractional charges for fermions at low energies
as will be explained. We also introduce a fourth Higgs bo-
son to avoid the Witten anomaly (at least it is necessary in
the Θ→ 0 limit). It gives a new µ-term µ34H3 ∗H4.
Note that the first two terms inside the parentheses

break lepton number symmetry. In order to remove the
effect of these terms we introduce R-parity and R-parity
conservation. Under R-parity, we define

L, Ē,Q, Ū, D̄→−(L, Ē,Q, Ū, D̄) ,

L′, L′′→−(L′, L′′) ,

H1,H2,H3,H4→H1,H2,H3,H4 ,

θ→−θ . (7)

Then the first four terms inside the parentheses in (6) are
removed, leaving only one Yukawa term that includes the

3 There is also another possible choice for the charge assign-
ments of the quarks, leptons and Higgs fields that leads to
the standard model fermion content under symmetry breaking.
However, this choice requires four additional leptonic doublets
to be included in order to cancel the anomalies, while the charge
assignments in Table 1 require only two additional doublets.

Table 1. Matter content of MSSM. The index i denotes the
family

Chiral superfield U�(3) U�(2) U�(1)

Li 1 2 0
Ēi 1 1 −1
Qi 3 2̄ 0
Ūi 3̄ 1 +1
D̄i 3̄ 1 0

L′i 1 2 −1
L′′i 1 2 0

H1 1 2̄ +1
H2 1 2 −1
H3 1 2 0
H4 1 2̄ 0

new leptonic field L′′. However, as will be seen below, the
two leptonic fields L′ and L′′ can obtain masses through
the condensation of the Higgsac superfield, and thus this
term can be neglected at low energies. Consequently, all
the terms inside the parentheses can be dropped at low en-
ergies, and the low-energy superpotential will include only
the superfields of the commutative MSSM and two addi-
tional Higgs bosons H3 and H4. They give new Yukawa
coupling terms (third and fifth terms in (6)). The matter
content differs from the commutative MSSM by two addi-
tional Higgs fields and two leptonic fields.

2.3 Symmetry reduction

In this subsection we explain how the NC gauge symme-
try U3(1)×U2(1)×U1(1), which is a subgroup U∗(3)×
U∗(2)×U∗(1), is broken down to the hypercharge U(1)Y
gauge group. As explained earlier, if this breaking is per-
formed by introducing the Higgsac field as in the NC
SM [6], which is only charged under the tr-Un(1) subgroup
of U∗(n), the condensation of the Higgsac field does not
mean spontaneous symmetry breaking of U∗(n) and prob-
lems with unitarity consequently arise. Here we propose
a mechanism of truly spontaneous symmetry breaking.
There are two aspects to be considered in a consistent

spontaneous symmetry breaking of the tr-U(1) parts of
U∗(3)×U∗(2)×U∗(1). Let us first mention that one Hig-
gsac field cannot achieve in one step the breaking of all
three tr-U(1) subgroups, simply because it does not have
enough degrees of freedom to provide mass for two gauge
fields [32]. As a result, two Higgsac fields are needed. If the
first one is charged under U2(1)×U∗(1), which is broken
to a residual U(1)′, then the second one has to be charged
under U(1)′×U3(1). However, at scales above the first
symmetry breaking, this second Higgsac field is actually
charged under U3(1)×U2(1)×U1(1), because the gener-
ator of U(1)′ is a linear combination of U2(1) and U∗(1).
Thus, the Higgsac fields cannot be constructed without cir-
cumventing the no-go theorem, first because they have to
be charged under such a subgroup, so that they cannot be
representations of the whole gauge group U∗(3)×U∗(2)×
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U∗(1), and second because one of the Higgsac fields has to
be charged under the three subgroups.
The way of circumventing the no-go theorem is based

on the non-commutative generalization of the gauge in-
variant operators using Wilson lines [33], leading to the
possibility of constructing tensorial representations of
the non-commutative gauge groups [34, 35]. For the case
of U∗(3)×U∗(2)×U∗(1), this approach was initiated
in [21].

2.3.1 Circumventing the no-go theorem

For simplicity, first we shall construct a gauge covariant
Higgsac superfield which breaks the tr-U(1) part of the
U∗(n) gauge group. In order to construct it, let us first
refer to the commutative case and introduce a chiral super-
field that is an n-index antisymmetric representation under
U(n),

φ[i1i2...in](y, θ) , (8)

which transforms under U(n) as

φ[i1i2...in](y, θ)→
(

φ[i1i2...in]
)U

(y, θ)

= U i1
i′1
U i2
i′2
· · ·U in

i′n
φ[i
′
1i
′
2...i

′
n] (9)

where ym = xm+ iθσmθ̄, and its contraction with the ep-
silon tensor:

φ(y, θ) =
1

n!
εi1i2...inφ

[i1i2...in](y, θ) , (10)

which transforms as

φ(y, θ)→ (φ)U (y, θ) =
1

n!
εi1i2...inU

i1
i′1
U i2
i′2
· · ·U in

i′n
φ[i
′
1i
′
2...i

′
n]

= (detU)φ= etrlogUφ , (11)

i.e. the latter chiral superfield has charge n under tr-U(1)
and in the commutative case can cause breaking of the
U(n) gauge group to SU(n) upon condensation.
However, from the no-go theorem, the straightforward

non-commutative generalization of the n-index antisym-
metric object (8) is not an allowed representation of U∗(n),
because n group elements should act from the left:

φ[i1i2...in]→ (φ[i1i2...in])U ≡ U i1
i′1
∗U i2
i′2
∗ · · ·∗U in

i′n
∗φ[i

′
1i
′
2...i

′
n],

(12)

whereU is a U∗(n) gauge group element. One can easily see
that it does not satisfy the group multiplication law, i.e.

((φ[i1i2...in])U )V = (φ[i1i2...in])U∗V . (13)

Here V is also a gauge group element. Therefore, we cannot
treat (10) itself as a representation of U∗(n).
In order to overcome this restriction, the proposal

of [34, 35] is to modify the gauge transformation (12) in
a non-trivial, gauge-field dependent way, so that the group
multiplication law holds. Furthermore, one also has to

modify (10) for it to be a U∗(n) gauge group representa-
tion. Such a gauge transformation can be constructed if the
gauge transformation involves the non-commutative ver-
sion of the supersymmetric half-infinite Wilson line,W . In
the commutative case, the supersymmetric Wilson line is
constructed in [36–38], and it has been generalized to the
non-commutative setting in [39]. The explicit form for the
case of the U∗(n) gauge group is given by

W = P∗ exp∗

(

g

∫ 1

0

dσ
dzA(σ)

dσ
AA

)

= 1N +
∞∑

n=1

gn

n!

∫ 1

0

dσ1

∫ 1

σ1

dσ2 · · ·

∫ 1

σn−1

dσn
∂zA1(σ1)

∂σ1
AA1 ∗ · · ·∗

∂zAn(σn)

∂σn
AAn .

(14)

Here AA is the super gauge connection, and z
A = eAMz

M

are the flat superspace coordinates (A runs over the
Lorentz indices a, and the spinor indices α and α̇), where
eAM is a supervielbein. The supervielbein is

eAM ≡

⎛

⎝

δam 0 0
−iσaµν̇ θ̄

ν̇ δαµ 0

−iθρσaρν̇ε
ν̇µ̇ 0 δµ̇α̇

⎞

⎠ , (15)

and the super gauge connections are given in terms of the
unconstrained superfields U and V by

Aα =−e
VDαe

−V , Aα̇ =−e
UD̄α̇e

−U ,

Aa =
1

4
iσ̄β̇αa

(

−DαAβ̇− D̄β̇Aα+{Aα, Aβ̇}
)

, (16)

whereDa, Dα and D̄α̇ are covariant derivatives defined by

eMA
∂

∂zM
≡DA = (∂a, Dα, D̄α̇) ,

Dα =
∂

∂θα
+ iσmαα̇θ̄

α̇ ∂

∂zm
,

D̄α̇ =
∂

∂θ̄α̇
+ iθασm

αβ̇
εβ̇α̇

∂

∂zm
. (17)

Fixing the gauge partially by demanding U = 0, the super
gauge connection can be written purely in terms of the vec-
tor superfield V :

Aα =−e
VDαe

−V , Aα̇ = 0 ,

Aa =−
1

4
iσ̄β̇αa D̄β̇Aα . (18)

Partial gauge fixing leaves the following gauge freedom for
the vector superfield:

eV∗ �→ e
−iΛ†

∗ ∗ eV∗ ∗ e
iΛ
∗ , D̄α̇Λ= 0 , (19)

and thus it can be identified as the superfield whose vector
field component is the usual NC gauge boson. The Wilson
line operator transforms under gauge transformations as
follows:

W �→ e
igΛ(z1)
∗ ∗W ∗ e

−igΛ(z2)
∗ , (20)
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where z1 and z2 are the endpoints of the contour. As in the
non-supersymmetric case, the actual shape of the Wilson
line is not important. Then, if we choose a half-infinite line
that starts from infinity z1 = (∞, θ, θ̄) and ends in z2 = z
with Λ(z1)→ 0, this transformation reduces to

W (z) �→W (z)∗ e−igΛ(z)∗ , (21)

i.e. the half-infinite Wilson line is an anti-fundamental ob-
ject under U∗(n).
Now, by using the supersymmetric half-infinite Wilson

line, we can modify (10) to become a U∗(n) gauge invari-
ant superfield Φ(z), while still carrying charge n under its
tr-U(1) part [21]:

Φ(z) =
1

n!
εi1i2...inW

i1
j1
(z)∗W i2j2 (z)∗ . . .

∗W injn (z)∗φ
[j1j2...jn](y) , (22)

where the modified gauge transformation of φ[i1i2...in] is
given by [34, 35]

φ[i1i2...in]→ (U ∗W−1)in
i′n
∗ (U ∗W−1)

in−1
i′n−1
∗ · · ·

∗ (U ∗W−1)i2
i′2
∗ (U ∗W−1)i1

i′′1

∗W
i′1
i′′1
∗W

i′2
i′′2
∗W

i′3
i′′3
∗ · · · ∗W

i′n
i′′n
∗φ[i

′′
1 i
′′
2 ...i

′′
n] .

(23)

The expression given in (22) is a gauge invariant Hig-
gsac superfield, and the condensation of this superfield
causes the spontaneous breaking of the tr-U(1) subgroup of
U∗(n).
Note that for a single index representation, say, the

fundamental representation, the gauge transformation law
reduces to the one of the normal non-commutative gauge
transformation, since the Wilson line trivially cancels:

φi1 → (U ∗W−1)i1
i′1
∗W

i′1
i′′1
∗φi

′′
1 = U i1

i′1
∗φi

′
1 . (24)

By similar considerations, we can introduce a field
charged under an arbitrary number of gauge groups, e.g.,
a field that is in the “fundamental representation” of U∗(l),
U∗(m) and U∗(n), based on the auxiliary field φ

nml, with
the gauge transformation

φnml→ (L∗W−1L )
l
l′ ∗ (M ∗W

−1
M )

m
m′ ∗ (N ∗W

−1
N )

n
n′

∗ (WN )
n′

n′′ ∗ (WM)
m′

m′′ ∗ (WL)
l′

l′′ ∗φ
n′′m′′l′′ , (25)

where l,m and n denote the indices for the gauge groups
U∗(l),U∗(m) and U∗(n), respectively, L,M and N are the
corresponding gauge group elements, and WL, WM and
WN are the corresponding half-infinite Wilson lines. Al-
though the auxiliary field (25) has a cumbersome trans-
formation law and is not in any definite representation of
the gauge group U∗(l)×U∗(m)×U∗(n), it turns out that
an object constructed similar to (22), i.e.

Φ[ijk] = (WN )
i
n ∗ (WM )

j
m ∗ (WL)

k
l ∗φ

[nml] ,

is invariant under U∗(l)×U∗(m)×U∗(n). The introduc-
tion of n-index field representations and of representations
for arbitrary numbers of non-commutative gauge groups
by the modification of the gauge transformation implies
evading the no-go theorem stated in [5]. A more detailed
discussion of these interesting issues is in progress [40].

2.3.2 Symmetry reduction mechanism

Let us turn to explain how gauge symmetry reduction oc-
curs by the Higgsac superfield (22). In order that Φ defined
in (22) develops a vacuum expectation value, we introduce
the following superpotential:

W(Φ) =m2Φ−
λ

3
Φ∗Φ∗Φ . (26)

Assuming that the perturbative vacuum for the gauge field
is given by the pure gauge configuration, i.e. 〈V 〉 = 0, we
have

〈Φ〉 = 〈φ〉=
m
√
λ
. (27)

In the following we shall see that the tr-U(1) gauge field
of U∗(n) gauge theory has a mass at the perturbative vac-
uum (27). First we expand the Φ-field in the NC parameter
Θ and the coupling constant g:

Φ(z) = (detW )φ+ . . .

=

(

1+ g

∫ 1

0

dσ
dzA

dσ
trAA+

g2

2

∫ 1

0

dσ1

∫ 1

0

dσ2
dzA(σ1)

dσ1
trAA(σ

1)
dzB(σ2)

dσ2
trAB(σ

2)

)

φ

+ . . . , (28)

where φ = 1
n! εi1i2...inφ

[i1i2...in]. Here the superfields AA
and φ are Θ-independent, and the ellipsis denotes terms
that are at least of first order in Θmn or third order in
g. Using the Wess–Zumino gauge and (15) and (18), and
choosing the contour so that the Grassmann coordinates
are constant with respect to σ, we can simplify the inte-
grand to

dzA

dσ
trAA =

dzM

dσ
eAM trAA =−n

dxm

dσ

i

4
σ̄β̇αm D̄β̇DαV

0 ,

(29)

where V 0 is the tr-U(1) part of the gauge vector superfield.
Inserting this into the expansion (28), and using the com-
mutation relation

{

Dα, D̄β̇

}

=−2iσm
αβ̇
∂m , (30)

one can obtain the following form for the kinetic term of
the Higgsac superfield:
∫

d2θd2θ̄Φ†(z)Φ(z) =

∫

d2θd2θ̄φ†

×

(

1+ngV 0+
1

2
(ngV 0)2

)

φ

+O(Θmn)+O(g3) . (31)
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The first three terms in the right hand side represent the
usual kinetic term for φ and its gauge interactions. The
other terms provide the gauge invariant completion. It is
now clear that if the field φ has a non-zero vacuum expec-
tation value, the tr-U(1) gauge boson and its superpartner
gaugino have masses. Decomposing the Lagrangian (31),
the bosonic parts are

∫

d2θd2θ̄Φ†(z)Φ(z) = FF̄ +φ�φ̄+ i∂mψ̄σ̄
mψ+ng

×

(
1

2
ψ̄σ̄mψ+

i

2
φ̄∂mφ−

i

2
∂mφ̄φ

)

−
ing
√
2
(φλ̄ψ̄− φ̄λψ)

+
1

2

(

ngD−
1

2
(ng)2AmA

m

)

+O(Θmn)+O(g3) . (32)

Substituting the vacuum expectation value of φ, (27), into
the above equation, we obtain the following mass terms:

Lmass =
imng
√
2λ
(λψ− λ̄ψ̄)−

g2n2m2

4λ
Am0 A0m , (33)

where λ, ψ and Am0 are a gaugino, a fermion in the su-
perfield φ and a gauge boson, respectively. We emphasize
that the modified version of the Higgsac mechanism leads
to spontaneous symmetry breaking, and thus it should
not cause any problems with unitarity. However, proving
this statement explicitly is highly non-trivial, since all the
terms in the expansion of Φ need to be considered.
Above we described the mechanism in the case of a sin-

gle gauge group U∗(n). In the NC MSSM we have to ap-
ply this mechanism to a direct product of U∗(n) factors,
U∗(3)×U∗(2)×U∗(1). In order to obtain the SM gauge
group, we need to break the direct product of gauge groups
U3(1)×U2(1)×U1(1), which is a subgroup of U∗(3)×
U∗(2)×U∗(1), to the hypercharge U(1)Y gauge group. Its
breaking can be achieved by two Higgsac superfields as
in the NC SM case. In principle, the first Higgsac super-
field could be charged under any of the three factors, but
for the economy of the model we shall take it to break
U2(1)×U∗(1) down to U(1)′, and then the second Higgsac
will break U(1)′×U3(1) down to U(1)Y . This choice is mo-
tivated by the fact that we have introduced new matter
fields, L′ and L′′, in order to obtain a vector-like spectrum
under U∗(2) and U∗(1), as required by the anomaly cance-
lation condition. The Higgsac field charged under U2(1)×
U∗(1) will also have the role of giving masses to the newly
introduced matter fields.
Thus, the first composite Higgsac superfield will be car-

rying charge 2 coupled to tr-U(1) of U∗(2) and charge −1
coupled to U∗(1):

Φ(z)U∗(2)×U∗(1) =
1

2!
εi1i2

(
WU∗(2)

)i1

j1
∗
(
WU∗(2)

)i2

j2

∗φ(z)
[j1j2]
k , (34)

where φ(z)
[j1j2]
k transforms as

φ
[j1j2]
k →

(

U2 ∗W
−1
U∗(2)

)j2

j′2

∗
(

U2 ∗W
−1
U∗(2)

)j1

j′1

∗
(

WU∗(2)
)j′1
j′′1

∗
(
WU∗(2)

)j′2
j′′2
∗φ
j′′1 j

′′
2

k ∗
(
U−11
)k
, (35)

where U2 is an element of U∗(2) and U1 is an element of
U∗(1).
The second Higgsac field, charged under tr-U(1) of

U∗(2) and U∗(3) and also under U∗(1) (and after the first
symmetry reduction, under U(1)′×U3(1)) is given by

Φ(z)U∗(3)×U∗(2)×U∗(1)

=
1

2!3!
εi1i2ε

l1l2l3
(
WU∗(2)

)i1

j1
∗
(
WU∗(2)

)i2

j2
∗
(
WU∗(1)

)

k

(36)

∗φ(z)[j1j2k][n1n2n3]
∗
(

W−1U∗(3)

)n1

l1
∗
(

W−1U∗(3)

)n2

l2
∗
(

W−1U∗(3)

)n3

l3
,

(37)

where

φ(z)
[j1j2k]
[n1n2n3]

→
(

U1 ∗W
−1
U∗(1)

)

k
∗
(

U2 ∗W
−1
U∗(2)

)j2

j′2

∗
(

U2 ∗W
−1
U∗(2)

)j1

j′1

∗
(
WU∗(2)

)j′1
j′′1
∗
(
WU∗(2)

)j′2
j′′2
∗
(
WU∗(1)

)k
∗φ(z)

[j′′1 j
′′
2 k]

[n′′1n
′′
2n
′′
3 ]

∗
(

W−1U∗(3)

)n′′1

n′1

∗
(

W−1U∗(3)

)n′′2

n′2

∗
(

W−1U∗(3)

)n′′3

n′3

∗
(

WU∗(3) ∗U
−1
3

)n′3
n3
∗
(

WU∗(3) ∗U
−1
3

)n′2
n2
∗
(

WU∗(3) ∗U
−1
3

)n′1
n1
,

(38)

where U3 is an element of the gauge group U∗(3). (The in-
dex k is unnecessary; however, we chose to use it in order
to show that the Higgsac fields carry also U∗(1) charge.)
Upon condensation of these superfields the only tr-U(1)
field remaining massless is the usual weak hypercharge su-
perfield.
The Higgsac superfield is also used to give masses to

the doublet leptonic superfields L′i and L
′′
i . Indeed, it con-

stitutes the following additional Yukawa couplings in the
superpotential with the Wilson lines and the composite
Higgsac:

(

WU∗(2) ∗L
′ ∗W−1U∗(1)

)T

∗
(

WU∗(2) ∗L
′′
)

∗ΦU∗(2)×U∗(1) .

(39)

The condensation of ΦU∗(2)×U∗(1) leads to the spontaneous
breaking, where the surviving U(1)′ is a linear combina-
tion of tr-U(1) of U∗(2) and U∗(1). At the same time the
leptonic superfields get a mass of order 〈ΦU∗(2)×U∗(1)〉.
Thus, these two superfields do not appear at low en-
ergies. Of course, similar terms could be written also
for any other matter fields in the theory. Note, how-
ever, that the new leptonic fields are vector-like under
the SM subgroup of the NC SM gauge group. Thus, de-



224 M. Arai et al.: A non-commutative version of the minimal supersymmetric standard model

coupling only these fields using the Higgsac field does
not lead to anomalies for the standard model gauge
group.

2.4 Charge quantization

The symmetry reduction mechanism proposed here
matches exactly, in the Θ→ 0 limit, the original Higgsac
mechanism proposed in [6]. The gauge covariant comple-
tion given by theWilson lines ensures just that the symme-
try breaking is spontaneous and problems with unitarity
do not appear [40]. One can check the fractional charge for
quarks in the way discussed in [6]. The charge assignments
for quarks and the standard model leptons in Table 1 coin-
cide with the ones in the NC SM [21], so they obviously lead
to the correct fractional charges under the commutative
SM gauge group.

2.5 Anomaly cancelation

A solution to the anomaly problem was also given in [21].
In the NC U∗(n) gauge theory, to cancel the anomaly, the
following conditions should hold [10–14]:

TrT a{T b, T c}= 0 , (40)

TrT a[T b, T c] = 0 , (41)

where T a is a generator of the U∗(n) gauge group. The for-
mer equation is the condition for anomaly cancelation for
the commutative case, while the latter is a new condition
appearing in the NC case. In order to satisfy these condi-
tions in the NC SM case, it is sufficient to introduce two
leptonic fields L′ andL′′ whose charge assignments are give
in Table 1. For instance, consider the anomaly containing
three U∗(2) gauge bosons. In this case, the above condi-
tions are written by

∑

f

TrT a{T b, T c}= dTrT a{T b, T c}= 0 , (42)

∑

f

TrT a[T b, T c] = dTrT a[T b, T c] = 0 , (43)

where the sum runs over the U∗(2) charged matter, and
it amounts to the constant d. Inserting the charge assign-
ments given in Table 1 for L,QL, L

′ and L′′, we find for
each generation

d= 1+(−1)×3+1+1= 0 . (44)

Similarly, one can check the conditions for anomaly can-
celation containing other gauge bosons. Note that we do
not have to check the mixed anomaly, such as that con-
taining two U∗(3) gauge bosons and one U∗(2) gauge bo-
son, since it does not exist in the NC gauge theory [15].
Thus, one concludes that the matter content of the NC
SM differs from ordinary SM by two additional leptonic
fields, two Higgsac fields and two additional massive gauge
bosons.

The UV/IR mixing that causes problems for the hyper-
charge UY (1) gauge field at one-loop level will be consid-
ered in detail in Sect. 3, and a possible solution in a super-
symmetric version of the NC SM will be proposed.
Finally, we summarize our (R-parity conserving) super-

potential:

W =WYukawa+WHiggsac , (45)

WYukawa = λ
ij
e H1 ∗Li ∗Ej+λ

ij
uQi ∗H2 ∗ Ūj+λ

ij
d Qi

∗H3 ∗ D̄j+µ12H1 ∗H2+µ34H3 ∗H4

+λijL′′H1 ∗L
′′
i ∗Ej , (46)

WHiggsac =
∑

a

(

m2Φa−
λ

3
Φa ∗Φa ∗Φa

)

, (47)

where the index a denotes the type of the Higgsac super-
field defined in (34) and (37): a = U∗(2)×U∗(1),U∗(3)×
U∗(2)×U∗(1) .

3 Quantum corrections and SUSY breaking

As we have seen, the model we have proposed is super-
symmetric, anomaly-free and produces the correct quan-
tized hypercharges for fermions after NC gauge symmetry
breaking by super Higgsac fields. To complete the descrip-
tion of the NC MSSM, we need to specify the SUSY break-
ing. However, as we mentioned in the Introduction, once
SUSY is broken, serious problems with the hypercharge
UY (1) gauge field arise, which are caused by the UV/IR
mixing. Let us first clarify these problems in detail and
then discuss a possible solution.
In order to clarify the problems, in the following we

focus on Euclidean SUSY U∗(1) gauge theory as studied
in [17, 19, 24, 41]. Recall that UY (1) is constructed from the
linear combination of tr-U(1) parts of the NC gauge groups
U∗(n). A U∗(1) gauge theory involves qualitative features
similar to the tr-U(1) factors and so involves all essential
features of the problems we explain. In this setting at the
one-loop level the polarization tensor for the U∗(1) gauge
field generally has the form [17, 19, 41]

Πmn =Π1(k
2, k̃2)

(

k2δmn−kmkn
)

+Π2(k
2, k̃2)

k̃mk̃n

k̃2
,

(48)

with k̃m = Θmnkn, where k
m is the external momentum.

The Π1 part multiplies the ordinary transverse structure
and is related to the gauge coupling by

1

g2(k2, k̃2)
=
1

g20
+Π1(k

2, k̃2) . (49)

The Π2 part is a new Lorentz symmetry violating struc-
ture, which is specific to NC QFT and explicitly depends
on Θmn.
Performing a one-loop calculation for the polarization

tensor one obtains [19]

Πmn(k) =Πmn(k, l = 0)−Re{Πmn(k, l = k̃)} , (50)
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with

Πmn(k, l) = 2
∑

j

αj

∫
d4q

(2π)4

×

{

d(j)

[

(2p+k)m(2p+k)n
(p2+m2j )((p+k)

2+m2j )
−2

δmn

p2+m2j

]

+4C(j)
k2δmn−kmkn

(p2+m2j )((p+k)
2+m2j )

}

exp(ip · l) , (51)

where the coefficients αj , d(j) and C(j) are given in
Table 2, and the mj are soft SUSY breaking masses. Here
the Πmn(k, l = 0) contribution is the so-called planar part,
while Πmn(k, l = k̃) is the non-planar part. The exponen-
tial factor exp(ip · l) in the non-planar part gives rise to the
UV/IR mixing. This factor follows from the Moyal star-
products in the Lagrangian. At large value of the internal
momentum, the exponential factor removes the divergence
of the integral. However, when the external momentum
goes to zero, the divergence reappears. Thus the divergence
at the UV scales is interpreted as an IR singularity.
In general, both Π1 and Π2 are affected by the UV/IR

mixing. In the Π1 part, the effect of the UV/IR mixing is
to alter the behavior of running of the U∗(1) coupling con-
stant. As k2→ 0, it has the following form:

1

g(k2, k̃2)
=Π1(k

2, k̃2)→−
b0

(4π2)
log k2 , (52)

while for k2→∞

1

g(k2, k̃2)
=Π1(k

2, k̃2)→
b0

(4π2)
log k2 , (53)

where b0 is the one-loop beta-function.
The Π2 part arises purely from non-commutativity but

is known to vanish if the theory has exact SUSY [17]. On
the other hand, for non-supersymmetric gauge theories the
Π2 part is non-zero and causes problems. The most serious
one is that it produces an unacceptable infrared singular-
ity Π2 ∼ 1/k̃2. In theories with soft SUSY breaking terms,
thanks to the equal number of bosonic and fermionic de-
grees of freedom, this infrared singularity is cancelled [17].
However, a subleading finite term still remains:

Π2 ∼∆M
2
SUSY, ∆M

2
SUSY =

1

2

∑

s

M2s −
∑

f

M2f

(54)

unless SUSY is exact. This produces vacuum birefringence,
i.e. it yields a mass to only one of the polarizations of
the U∗(1) gauge field, leaving the other polarization mass-
less. Furthermore, a negative Π2 would lead to tachyons,
while a positive mass is phenomenologically strongly con-
strained. Consequently, it would seem that the UY (1)
gauge field, which is a linear combination of tr-U∗(1) fields,
has serious problems already at one-loop level [18, 20].
One way to avoid these problems is to modify the UV

physics [42]. In the above analysis, it is assumed that the

Table 2. Coefficients in the evaluation of the loop integrals

j real scalar Weyl fermion gauge boson ghost

αj − 12
1
2 − 12 1

Cj 0 1
2 2 0

dj 1 2 4 1

NC QFT is valid up to arbitrarily large momentum scales.
However, if NC QFT is realized as a low-energy effective
theory of some underlying theory such as string theory, the
theory should be modified above some UV scale, e.g. the
string scale. Indeed, since NC QFT is realized as a special
limit of open strings in a background of an antisymmet-
ric tensor field Bmn, it is expected that at least above
the string scale Bmn does not have a vacuum expectation
value, and the non-commutativity does not appear there.
This modification affects the low-energy physics, since the
infrared region receives the effect from the UV domain due
to the UV/IR mixing. The modification actually improves
the situation, leading to the birefringence effect. In [42],
it is shown that constraints on this effect require the non-
commutativity scale to be close to the Planck scale. Fur-
thermore, in this setting the behavior of the running coup-
ling constant is exactly the same as the commutative one at
low energies smaller than some infrared scale specified by
ΛIR ∼ Λ2UV/MNC. This is a desired property for consider-
ing phenomenologicalmodel building, although the photon
may be still tachyonic (the tachyonic mode is possible since
the Lorentz symmetry is now broken).
Here we briefly discuss another possibility for improv-

ing the above situation. We assume that SUSY in the
theory is spontaneously broken by a mechanism such as
the O’Raifeartaigh and Fayet–Iliopoulos mechanisms. The
breaking of SUSY is assumed to occur at a hidden sector,
so that its effect on the visible MSSM sector is the occur-
rence of soft SUSY breaking masses mi below some SUSY
breaking scaleMSUSY. Above this scale, SUSY is expected
to be restored and all the soft SUSY breaking terms are
expected to vanish. Recalling that the Π2 part vanishes in
theories with exact SUSY, it is expected that the above
situation renders the Π2 contribution small, so that the
one-loop correction to the polarization tensor is consistent
with the experimental bound for the Lorentz violation. To
be more precise we also need to consider the relation be-
tweenMSUSY and the NC scaleMNC ∼ |Θ|−1/2.
In order to estimate the one-loop contribution to Π2

in the setting mentioned above, we divide the integral (51)
into two parts:

Πmn = (Πa)mn+(Πb)mn

=

(
∫

0≤|p|≤MSUSY

(mj 
= 0)+

∫

MSUSY≤|p|≤∞
(mj = 0)

)

×
d4p

(2π)4
· · · , (55)

where the ellipsis denotes the integrand. Here we treat the
soft SUSY breaking mass term as a step function like, e.g.,
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mj = 0 (MSUSY ≤ |p| ≤∞) andmj 
= 0 (0≤ |p| ≤MSUSY).
Note that in this treatment gauge invariance gets lost,
sinceMSUSY behaves as a cut-off that leads to a non-gauge
invariant term in the calculation. However, we simply ig-
nore the non-gauge invariant term in what follows. Our
purpose is to see whether this setting can solve the prob-
lem of the tr-U(1) part. We believe that this qualitative
argument does not change in a proper gauge invariant reg-
ularization, and we postpone a more rigorous analysis to
a future work. The first integral (Πa)mn in (55) can be
written as [19]

(Πa)mn(k) =
1

4π2
(k2δmn−kmkn)

×
∑

j

αj

∫ 1

0

dx[4C(j)− (1−2x)d(j)]

×

[

K0

( √
Aj

MSUSY

)

−K0

(√
Aj

Meff

)]

+
1

4π2
k̃mk̃nM

2
eff

∑

j

αjd(j)

×

∫ 1

0

dxAjK2

(√
Aj

Meff

)

+ δmn[gauge non-invariant term] , (56)

where

Aj =m
2
j +x(1−x)k

2 ,
1

M2eff
=

1

M2SUSY
+ k̃2 . (57)

The non-planar part in the second integral (Πb)mn in (55)
is exactly zero, because SUSY is manifest there, and there-
fore only the first integral will contribute to the birefrin-
gence effect. Using (56) one can obtain the following ap-
proximate expressions for the Π2 part from (55) [42]:

Π2 =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

D∆M2SUSY ,

for
M2NC
MSUSY

� k�∆MSUSY ,

D′∆M2SUSYM
2
SUSYk̃

2 ,

for k�
M2NC
MSUSY

, m2j �M
2
SUSY ,

(58)

where D and D′ are known constants. One can see that
the second equation in (58) is suppressed by the NC scale
MNC, while the first equation does not have any suppres-
sion. In the following we consider only the second expres-
sion, which indeed gives a promising result.
Following the discussion in [20], we consider the equa-

tion of motion for the photon,

Πmn(k)An(k) = 0 . (59)

We specify the non-commutativity by Θ13 =−Θ31 = Θ =
1/M2NC, while all other components of Θ

mn are taken to
be zero. The photon propagates in the third direction kµ =
(k0, 0, 0, k3). Now we have two polarization vectors,

Am1 = (0, 1, 0, 0) , A
m
2 = (0, 0, 1, 0) . (60)

Substituting this into (59)), we find

(Π1k
2−Π2)A

m
1 = 0 , (61)

Π1k
2Am2 = 0 . (62)

The second equation representing the equation of motion
for a polarized photon along Am2 behaves like an ordinary
photon, while the first equation for a polarized photon,
Am1 , receives a new effect, Π2. Now in order to study this
in more detail, we substitute the expression (58) into (61).
Then we obtain

k2+D′
∆M2SUSYM

2
SUSY

Π1M4NC
(k3)2 = 0 ,

for k�
M2NC
MSUSY

, m2j �M
2
SUSY . (63)

Now we consider the dispersion relation of the photon
for the case (63). Restoring the light speed c and using
k0 = ω for the frequency of the wave, we find

ω2− c2
(

1

1+∆n

)2

(k3)2 = 0 , (64)

with

∆n
D′

2Π1

∆M2SUSYM
2
SUSY

M4NC
, (65)

where D′ = 1/4π2. In [43], all possible dimension four
Lorentz violating operators in electrodynamics were stud-
ied and the constraints were obtained. The Lorentz violat-
ing operators can be related to our ∆n [42]. The strongest
bound in [43] is obtained from the observation of objects at
cosmological distances,

|∆ncosmo| ≤ 10
−37–10−32 . (66)

Our result is consistent with this bound; for instance,
if we take the following values for the scales: MSUSY ∼
1010,MNC ∼ 1018,mj ∼ 102 and k ∼ 100GeV. In the above
setting, ∆n is found to be

∆n∼ 10−62 . (67)

Our setting is consistent with the experimental bound for
the Lorentz violation, although the photon may be tachy-
onic, similar to the case in [42].
We briefly summarize our argumentation. At scales

above MSUSY, SUSY is exact, and thus the contribution
to Π2 from these scales is exactly cancelled. Further-
more, if MSUSY is much smaller than the scale of non-
commutativity, the contribution from scales belowMSUSY
is expected to be negligible, because in this region the the-
ory should be effectively commutative.
Note that in our case the behavior of the U(1) running

coupling constant is still altered by the UV/IR mixing,
compared to the commutative one, while in the theory with
the UV completion in [42] the running behavior is the same
as the commutative one below the scale ΛIR ∼ Λ2UV/MNC.
We leave further study of the behavior of the running coup-
ling constant for later work.
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4 Summary and discussion

In this paper, we have proposed a NC version of MSSM.
The guiding principles in constructing the action are the
requirements of SUSY, NC gauge invariance, absence
of anomalies and correct fractional UY (1) charges for
fermions. The NC gauge invariance requires one to in-
troduce two extra gauge fields and their superpartners in
addition to the MSSM gauge field content, since our model
is based on the NC gauge groups U∗(3)×U∗(2)×U∗(1).
Other requirements lead us to introducing two new Higgs
superfields, H3,H4, for the construction of the Yukawa
couplings and two leptonic superfields L′, L′′ for the can-
cellation of the anomaly, compared to the commutative
MSSM matter content.
Further additional matter, the Higgsac superfield, is in-

troduced. This plays two roles in our model. One of them
is to reduce the NC gauge symmetry from U∗(3)×U∗(2)×
U∗(1) to the SM one. The two extra gauge bosons and
their superpartners are decoupled at low energies via the
condensation of the Higgsac superfield, which gives masses
to the extra gauge fields. The other role is to achieve the
decoupling of the extra leptonic superfields. The Higgsac
superfield can form a Yukawa coupling with these two lep-
tonic superfields through the NC Wilson lines. Upon con-
densation of the Higgsac, the leptons become massive, and
thus they decouple at low energies.
We have discussed the quantum properties of our

model, especially as regards the hypercharge UY (1) sec-
tor. In the NC SM proposed in [6], the hypercharge UY (1)
gauge field suffers from the problems of the tachyonic mass
and vacuum birefringence, once the one-loop corrections
are taken into account. The UY (1) gauge group is a linear
combination of three tr-U(1) gauge groups that are sub-
groups of the U∗(n) gauge groups. In the NC setting, the
tr-U(1) gauge field is affected by the UV/IR mixing, and
it generates a Lorentz violating term in the polarization
tensor. As a result, the tr-U(1) gauge field has the serious
problems mentioned above. In this paper, we gave a pos-
sible solution to this problem, by assuming that supersym-
metry is restored above the SUSY breaking scale MSUSY.
Then, with appropriate values of the scales MSUSY,MNC
and mj , the Lorentz violating term in the polarization
tensor has a small enough value to avoid violating experi-
mental bounds.
Note that our model does not go to the commutative

MSSM in the limit of vanishing non-commutativity pa-
rameter Θ→ 0 at the tree level, since we introduced two
new Higgs superfields, H3 and H4, and the interactions
with these fields do not vanish in this limit (other terms
including the new leptonic fields do not appear at low en-
ergies, as mentioned above). This implies that our model
involves many interesting new phenomenological features
compared to the commutative MSSM.
One of the most important things to study in the low-

energy physics of our model is the electroweak symmetry
breaking. In our model, since a new down-type HiggsH3 is
introduced beside H4, these fields must obtain vacuum ex-
pectation values in order to give masses to the down-type
quarks, whileH1 andH2, corresponding to the usual Higgs

bosons appearing in the commutative MSSM, have to con-
densate in order to give masses to the up-type quarks and
leptons. In the commutative MSSM with soft SUSY break-
ing terms, electroweak symmetry breaking does not occur
at tree level, but, taking one-loop corrections to the Higgs
mass into account, the Higgs mass runs in the infrared and
eventually goes to negative values [44]. As a result, the
Higgs field has a non-zero vacuum expectation value, and
electroweak symmetry breaking occurs. This mechanism
may also be applied in our model. We postpone a more de-
tailed study of this issue to future work. It would also be
interesting to extend a NC version of the SM [30] using the
Seiberg–Witten map to the supersymmetric case.
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